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THE CHROMATIC EXT GROUPS Ext{,, ) (BP., M})

IPPEI ICHIGI, HIROFUMI NAKAI, AND DOUGLAS C. RAVENEL

ABSTRACT. We compute a certain Ext group related to the chromatic spectral
sequence for T'(m), the spectrum whose BP-homology is BPx[t1," - ,tm] for
each m > 3. The answer we get displays a kind of periodicity not seen in the
corresponding computation for the sphere spectrum.

1. INTRODUCTION

Let BP be the Brown-Peterson spectrum for a fixed prime p. In [Rav86, §6.5],
the third author introduced the spectrum T'(m) which has BP,.-homology

BP.(T(m)) = BP[ty,------ s tm),

and is homotopy equivalent to BP below dimension 2p™*! — 3. T'(m) is a retract
of the localization at the prime p of the Thom spectrum X (i) associated with the
map

QSU(i) — QSU = BU

for any i satisfying p™ < i < p™*1. The X (i) figured in the proof of the nilpotence
theorem of [DHS8S]. Notice that T'(0) is just the sphere spectrum. The T'(m) are
used in the method of infinite descent, the third author’s program for computing
the stable homotopy groups of spheres described in [Rav86, Chapter 7] and in [Rav].
In it one gets at the Adams-Novikov Es-term

EXtBP*(BP) (BP*v BP*)
for the sphere spectrum by computing the one for T'(m),
EXth*(Bp) (BP*, BP* (T(m)))

by downward induction on m. In given range of the dimensions, the latter group

is isomorphic to BP, (concentrated in cohomological degree 0) for m sufficiently

large. One can pass from m to m — 1 by a certain collection of spectral sequences.
There is a change-of-ring isomorphism [Rav86l 7.1.3] giving

EXtBP*(BP)(BP*7 BP* (T(m))) = EXtF(m+1) (BI‘)*7 BP*)7
where
T'(m+1) = BP.(BP)/ (t1,...,tm) = BPy[tm+t1, tmt2,-- -]
In particular I'(1) = BP.(BP) by definition. This Ext group stabilizes in a certain

sense as m gets large, which is studied in [Rav00]. To get at its structure, we
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can use the chromatic method introduced in [MRW77] and described in [Rav86}
Chapter 5].
Define the chromatic module M, by
MrSL = v;}-sBP*/(pa V1, ***y Un—1, v%ov ) v?ﬁ}-s—l)'
Hereafter we will abbreviate Extr(p,41)(BPx, M) as Extp (1) (M) for simplicity.
Consider the chromatic spectral sequence converging to Extp(p,1)(BP./I,) with
By =EBxth, (M) and  d, o B — EZTOETHL

where E%! is a subquotient of Ext‘li?'ﬁb_kl)(BP*/In). Shimomura calls this E"*

the general chromatic Fj-term. In this paper we will determine the module
structure of

EXt%(m+1) (M21)

The analogous result for m = 0 was obtained long ago by Miller and Wilson in
IMWT6], and is as follows.

Theorem 1.1 (Miller and Wilson). As a k(2).-module, Ext%(l)(Mj) is the direct
sum of

1. the cyclic submodules freely generated by mi/vg(k) for k>0 and s € Z — pZ,

where
Zo = V3,
xy = vh — vBvy vy,
and for k > 2
e for k even,
T = { xzfl 3 Uépk—l71)(113*1)/(112*1)115—pk71+1 for k odd,
and
a(0) =1,
a(l) = p,
and for k > 2
= { ek~ Jor k even,
pa(k —1)+p—1 fork odd;
and

2. K(2)./k(2)., generated by 1/v} for j > 1.

Before this result was proved, the naive conjecture about this group would have
had the exponents a(k) being p* for all k > 0. It was clear that

sp®

v
Bpk € EXt(I)‘(l) (M21)7
U2

but the existence of “deeper” elements such as

3 3 2 2 3 3 2

P I R p°—1, p°—p°+1

T3 V3 —Uy Uz Uy — U Vg
a(3) p3+p—1

Uy Uy

came as a surprise, as did the fact that the limiting value (as k — 00) of a(k)/p" is
(p? +p+1)/(p? + p) instead of 1.
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Our result (Theorem below) has the same form as Theorem [Tl but with xy,
and a(k) replaced by Zj, ([E2) and (62))) and a(k) (@EI) and (@1)), and with k(2).
replaced by a larger ring E(Z)* defined in (C2). In order to avoid the excessive
appearance of the index m, we will use the following notation:

R i}\z = Um+i, R t;y = tm-l—'ia
(1.2) Iﬁ(n)* = K(n)«[Vng1s---Vntml, hij = hmyiy,
k(n)e = k(m)«[vnt1,.-. Untm], and w = pm™

In §47HI0 we will define elements Zj, € vz 'BP,/I5 and integers a(k) whenever
the condition 3 < 2(p — 1)(m + 1)/p of Theorem [2.1] is satisfied, and compute the
reduced right unit dy on Zj. These will depend on m.

Using these computations, we can obtain the structure of the target Ext group.
In particular, for large m we have

Theorem 1.3. Assume that p = 2 and m > 6 or that p > 2 and m > 5. As a
k(2)«-module, Extr(m,11)(M3) is the direct sum of

1. the cyclic submodules generated by Ek/vg(k) for k>0 and pts >0, where

3 for k=0,
2~
b — vé’Bv;pziffiz — vé’B—lvépw_l)p v for k=3,
5 5
A L for k=6,
3~ 37 3 ~ 3 7 3 6
/x\k _ L/L'\Zg) - v;g a(6)v§ b(G)Xp2 _ vép —1)a(6)v§p —1)b(6)+(p°w—1)p ZE\G
for k=29,
G
for 31k and k <8,
B g B Ta MR g (G 30 ) for k> 10;
(see LemmalZA and Proposition [2.4 for definitions of W and X ) and
p" for0 <k <2,
k) = (p+1)p+! for 3 <k <5,
(P* +p+ 1)p~2 for 6 <k <S8,

PP pP 2 Gk —4)  for k> 9;
and ,
2. K(2)./k(2)«, generated by 1/v} for j > 1.
O

This is a part of our main result (Theorem[4]). In fact, we have determined the
structure of Extp(m+1)(M21) forp=2andm>3,o0r p>2and m>2.

At the JAMI conference held at Johns Hopkins University in March 2000, Shi-
momura reported that he had extended our result and obtained the structure of

Extg(m+1)(M,1L_1) form>n2—n—1.
For n = 3, this result coincides with our Theorem [[L3 Recently he also determined

the structure of higher Ext groups ([Shi]).
In the above case, the asymptotic behavior of the exponents is given by

. ak) pt+pP4p?
lim —= = 7 ,
k—oco p P — 1




3792 IPPEI ICHIGI, HIROFUMI NAKAI, AND DOUGLAS C. RAVENEL

a slightly larger value than for the case m = 0. In addition, there is a new form
of periodicity in our statement with no precedent in Theorem [[T; namely, for all
k > 9 we have

k k—1 k—2 m+k k—1 k—2 k—3
S _4ap 0 . piptT 4P D —p" T =P =p " P p—1 _op
Tk — T = — Vg Ug T4 (:r,k,4 xk—5) )

and
ak) =p" 4+ pF 4 pF 2 1 a(k —4).

(For lower m the period is 6 instead of 4.) A similar result for the chromatic module
M7} is obtained in [NR] or [KS], in which the period is 3 instead of 4.

2. PRELIMINARIES
For a I'(m+1)-comodule M, consider the cobar complex {C’g(mﬂ)(M), dn}

nZO7
where

CF(WH»I)(M) :F(m+1) ®BP* """ ®BP* F(m—i— 1) (8313*]\47

n factors

and

dn, 2 CP(py1y (M) — cp(t; Ly (M).
Then Extp(m,41)(M) is given as the cohomology group of this cobar complex. By
the change-of-ring isomorphism ([Rav86l Theorem 6.1.1]), we have

Extr(min) (M) = Extrq) (M; ® BP.(T(m)))

Exts ) (K(n)«, K (n)«(T(m))).

111

This object is already known by [Rav86, Corollary 6.5.6]:

Theorem 2.1. Ifn < 2(p—1)(m+1)/p, then
Extr(nin (M2) = R(n). @ B (hiy 1< <n,0<j<n—1),

where each ﬁ” lies in Ext!. O

In particular, we have
(2.2) Extr(ns) (M§) = R(3). @ B (hij:1<i<3,0<5 <)

From this information we can get the structure of Extp(,, 1) (M21) using the
Bockstein spectral sequence.

Lemma 2.3 (cf. [MRWT7], Remark 3.11). Assume that there exists a E(2)*—sub—
module Bt of Ext{a(mﬂ) (M21) for each t < N, such that the following sequence is
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exact:

EXt?—x(m+1) (Mg) L/ve BO vz BO

1 V2
EXtF(m+1) (Mg) or Bl

i s pN-1_"2 4 pN-1
0

N
Extrmy 1) (M3),
where § is the restriction of the coboundary map

d: Eth“(mH) (My) — EXt?(rqu) (M3) .

Then the inclusion map iy : Bt — Ext%(mH) (MQI) s an isomorphism between
k(2)«-modules for each t < N.
Proof. Because Ext%(m +1) (M3) is a vo-torsion module, we can define filtrations on
B! and Extr,, 1) (M3) by

P(j) = {x € B':vlx = O} and Q:(j) = {x € Ext§(m+1) (M) : vie= 0}.

Assume that the inclusion iy is an isomorphism for k < ¢t — 1 (the ¢ = 0 case is
obvious), and consider the following commutative ladder diagram:

1/v . . 8
Exthneny (M3) =2 R() 5 PRG-1) > Exti,,, (M3)
[ 1 i Lt [
1/v . . 8
Eth“(mH) (M3) = Q) & Q-1 > EXt?(rvln-H) (M3).
Because the inclusion from B'~! to Extﬁi1 ) (M?) is an isomorphism by as-
sumption, we can show that P;(j) is isomorphic to Q:(j) (j > 1) using the Five
Lemma and induction on j. O

In (@2) and (6:2) we will define elements 7, of vy ' BP, /I, which is congruent
to ﬁ;pk modulo (v2), and integers a(k) in (41]) and (6.I) such that each 73 /v§ is a
cycle of Extpy,, 1) (M3) for all 1 < ¢ < a(k).

Then the structure of B is expressed as follows:

Lemma 2.4. As a E(2)*—m0dule,

~ 7S A~ ~
BO—]@(Q)*{%: k>0 andpfs>0} ® K(2)./k(2),
Ua

satisfies the condition of Lemmal2-3 if the set

3,},\5
{(5 (Ua—(kk)> : k>0andpts>0 } CExtlla(m_H) (M3)
2
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is linearly independent, where § is the coboundary map in LemmalZ3. Hence it is
isomorphic to Extg(mﬂ) (M21)

Proof. We will show that the following sequence is exact:

1/’[)2

V2

0

0 —— Extp 41y (MF) B? B? Extp g1y (M) -

The only part of this that is not obvious is that Ker 6 C Im vy. To show this,
separate the Z/(p)-basis of BY into two parts,

— k‘>0andpfs>0},

B={ot: k20,pfs>0, and 1 <0 <alk) } U {v;j;j>o}.
2

Then it is obvious that d(zy) # 0 € Extlla(m_H) (M3) for zx € A, and that

dyu) =0 € Ext%(m+1) (M) for y, € B. Thus for any element z = Y., axzx +

2, buyu of BY (ax,b, € Z/(p)), we have 6(z) = >, axd(z»). The condition implies

that all ay are zero when 6(z) = 0, and so v2 } by, /v2 = z. This completes the

proof. O

3. ELEMENTARY CALCULATIONS

In this section we will introduce elements w4 and ws, which we need to define
our Tg. First we recall the right unit on v;.

Lemma 3.1. Assume that p > 2 and m > 1. In T'(m + 1)/(p, v1) the right unit
map ng : A — T on the element v; is given by

n(v;) v; fori <2,
N@) = st ull —uh7,

n(ts) = Ta+ ’03?1)3 + ’02%)2 — v§“’?1 — ’05%?2,

n@s) = U5+ U4¥71)4 + U3Z§3 + szgz

—ofhy = of T — TV mod (13777
(add vit}™ when (p, m) = (2, 1)).
Moreover, when p > 2 and m > 2, we have

5 4 3 o~ 2 o~ 3 o~
N(T6) = V6 + vsth +vathy +wsth — Bl — vl Yty — o8 “t; mod (v).

Define elements w; for 4 < i < 5 by

—~ 1~
Wy = Vg U4,

~ 1 [~ —~ +1~(p—1)p ~
W5 = vy <v5 — vg@? + 5B )pw4) .

Then we have the following lemma.
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Lemma 3.2. For any prime p, we have

d(wg) = t1 + vav3 1?) — BT — vg “oglty  form > 1,
~ _ 3 2
d(ws) = t2 + vovg 1?’ — vty — g“’ o — vhug P oty o TP d?
+ B2y 250 l)p? — B2 rg mod( 2p+1) form > 2
(add vivg 'E7 when (p, m) = (2, 1)).

Proof. d(wy) is easily computed using Lemma Bl For @w; we find that

4 3 2 —~ CEPR (i 3
AdTs) = vl +uslh +wofh — 0BT —of “T — B EI mod( 2p+1)

(add v3#} for (p, m) = (2, 1)).

We can read off the fact that d(vy) = 0 for m > 2 and d(v3) = 0 modulo (vz)
from Lemma 1. We have

4 3 _ 3
d (—vs@Y) = —vy (?f R o 1)%71’) mod (vg w) :
1) (e 3 a2 i~
d (Ungl@g(p 1)w4> - v§+1v§(p 1) (%11) + 0903 1%12) e 1t1> mod( 2p+1)

Summing these congruences and multiplying by v; ' gives d(@s). O

4. d(ZTp) FOR0 <k <5

For all p and m we can construct Z (0 < k < 5) and compute differentials on
these one at a time (Lemma [£3). Define integers a(k) (as in Theorem [[.3)) and b(k)
for 0 < k <5 by

k» .
N | D if0<k<2,
a(k){ (p+1)pF1 if3<k<5,
(4.1)
- 0 if0<k<2,
b(k){—pk_l if3<k<5.

Define elements (as in Theorem [[3)) Zj for 0 < k < 5 by

ZTo = U3,
3 2
~ . 3.1 (pw—1
(4.2) Ty =18 — b W) — b (p w’ Zo,

Ty =7, fork;‘éOmod( ).

Lemma 4.3. Assume that p > 2 and m > 2. In the module My @ T'(m + 1) we

have

2 mod (vg’“““) for0< k<2,

d(z)) = ’U;(k) b(k)
k+1 k 3

—?‘2” mod( (0% peo— 1)) for 3 <k <5.

In particular, these congruences hold modulo (v;ra(k)).

Proof. We obtain d(Z) for 0 < k < 2 from ngr(v3) (Lemma [B3]). For d(Z3), we

have
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3 5 4

d@h) = of mod (vg w) ,
3 2 3 5 2 2 4 _ 2 2
d(-fal) = o (F ot TR

(4.4) (pw+1)p°
mod (1)2 ) ,
3 12 3 2 2 i~
d (—v§ 711):(3;0“; 1)p xo) _ _vg v:(spw 1)p (%}11 . vé’“’ 1t1) '

Notice that
p® 4+ pw — 1 < min {p4w, (pw + 1)p3} = ptw
for all p and m. Summing congruences in (E4]), we have

N 3, 2 _ 2.4 3 _ )2~ 4
d(Ts) = —vb TP PR b TRl mod (vg “’).

Noticing that the inequality p> + pw — 1 > p3 + p? holds only if m > 2, we find
that

3, .2 2_1)p2~ 3,2
o LR mod (vg tp ) for m =1,
4(@:) = p+p? —p®7p? p°+pw—1
—Vy vy by mod (v2 ) for m > 2.

By assumption, we may consider only the case that m > 2, and set @(3) = p>+p?.
The formulas for 4 < k <5 are obvious. O

To define Ty, for higher k, we will prepare some lemmas in the next section. The
definitions of T (k > 6) and computations of the chromatic differential dy on T
are separated into 4 sections (§§7THIT) according to the value of m. The results are
stated in section [G]

5. SOME LEMMAS

Here we will prove some lemmas for later use. In the rest of this paper we will
treat Ext%(m +1)(M3) whenever the condition in Theorem T},

(5.1) 3<2(p—1)(m+1)/p,
is satisfied. This is equivalent to

m>2 forp>3,
m >3 forp=2.

Lemma 5.2. Let

_p? —a(2), —p* pPw~ —a(3), (PPw—1)p*+p°

W = wf 4, ()vgpvff “To — v, ()vép PP Z3
p°—pa(5) —p? p* —pa(2), (p*w—p—1)p* p*p
— b vy Pl 28— vy v3 v 7

+1)p*—a(2 w—2)p* ~(p—1)p° ~
+ Uép )p*—a( )Uép )P Uép )p .

Then

4 p—

dW) = B+ vy — o v o d(@5)

2 2 4 3
—p2-1 1 ~ i
— ke Uép w—1)p*+p “T mod (vgl(p m)) :
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where
(p3 - 1)p2 me = 2;
61(p7 m) = (p4_ 1)p2 Zf (p7 m) = (27 3);
(2p® + p? — 1)p?  otherwise.

Proof. We find the following congruences:

4 7 4 4.6 44
d(wg) = %72’ +v§v3pf§ — vy vf“f’l’ ngw l)p"g
P, (—p=1)p" p o’ (PPw—p—1)p* p*7p®
— vy vy vg ly tug vg 1

2 _2A7156 1)p* —2)p* ~(p—1)p°
+ U(er p* v; P U:gp )P %‘g —véer )P Uépw )P U:gp )P %‘11)
4

d Uza(2 fp pwmQ)
= og? pw? mod

—a(3) (p w—1)p*+p? 7
’()2 T3

S

(p*w—1)p* pw—p?—1_(pPw—1)p*+p°wy

= vy t2 — vy Vg t;1 mod

(

(
(-

(

d( vh —pa(s) 7’) vy x’;)

(
(-

(
(v

= b v( =1y f%’ mod vépw_l)pg),
d U;pa @), p w—p—1)p* vff G4
(p w—p—1)p* ok %‘113 mod Uépwfl)pS)7
d (p+1)p4—a(2) (pw 2)p* A(p Dp® o
= Uép+1)p4vépw—2)p @\ép—l)sz;l)‘* mod (U§2p+1)p4—p2) .

Summing these congruences gives the desired formula. The integer ej(p,m) is
the minimum exponent of v in these indeterminacies. O

Lemma 5.3. Let

w1 —1—(pw—1 ~ 1—a(4 —1—-(p*w—1 7
Y = —of (4_,02 &1+ vavy »* )pwg + b ()p (PPw—1)p* 4
1-p*w, pdw 1+p®—a(4), —1-pw 1-p, —1-p® p*~
+ vy nd vff Zo + vy v’ A v vff:c4—02 Pog TP T
(p+1)p” pPw(l-p)=1-p ~(p—1)p°
+ vy Vg Vg Zo ) -

d(Y) = vgw(pSH)tAl - v§2+1?§4 + v HA(p p® d(Z3) + vh vl t1 mod ( e2(p, m)) ,

_J o=1)@*—1) for(p,m)=(3,2),
ea(p,m) = { (]2)]) +1)p? othefwz'se.
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Proof. We find the following congruences:

3 2 —~ 2
d(@y) = T 4oy th — 0B ' mod (vg w) ,

d(—vyPz) = —%71’3 mod (vépw*l)p) :
d (vzvglf(fw*l)f@;zsﬁ)
e A e A
_ U§p2w*1)p2f12>2 _ Uggvéfpfl)p%gz%f n U§p2w7p*1)p2vi>2%1f
+ v§p+2)p2v§2p26§p—l)p3%§4 B vép-irl)pzv:(spw—Q)pzaép—l)p3p2

mod (U;+(2p+1)p2> 1

)

11— (pPw—=1)p2pd 1 —p?—1
= —uu; (P*w )p%) mod(vQHW p )p)

3 —1-— 1)p® p?p° 1 -1
= ltp v (pw+1)p P %72) mod <v2+(pw )p) :

C1op? p2op3 1 1
= —wuy PR mod (va TP TVPY |

2 3 12 (1) B2 2
— v;+(p+1)p o w(1—p)—1—p Uép p %111 mod (Ué2p+1)p )

The sum of the right sides is

pw—17 p°+1, —1—p*wip? (p+2)p°+1, —1—(p*w+1)p” ~(p—1)p* p*
—v3 Tty vy g ts + vy Vg Vs ty

4 3~
pw —1—p-w pw
— Uy Ug vy t1.

Multiplying by —v§4“+1 gives the desired formula. The integer es(p, m) is t

minimum exponent of vy in these indeterminacies.

Now we define wg by

1 (~ —pa(2)  ~ —a(3) —b(3)  ~
Vg (vg—UQ ()v5x’2’+v2 ()v3 ()v4m3> for m > 3,
We —
above 1op3 —1—pBw(pP41) px rm2 (D3 1)
pd TP g e gpypt e Ry for = 2.
terms

Lemma 5.4. In the module v; ' (BP, /I, ® T'(m + 1)) we have

o~

=N 3 _ ~ 1 2 31
d(wg) = fg — v 1v‘§wt1 — v, Lok ety — vl “Tts mod (vg) .

3

Y

he
O
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Proof. We find that

5 4 3 o~ 2 o~ 3 o~
d(vg) = 1)5%71’ + 1)4;572’ + 1)3%?3) —vlty — o Yty — o “is
(5.5) R mod (v2) ,
~ 4 2
dvy "Dy "D zs) =~ mod (vgw_p _1) .

Notice that ngr(vs) = vs for m > 3, and so we have

d(—vy"Pusdh) = =0y (d(vs)3 +n(vs)d(FE))
=~ " Pusd()

(5.6) = —05?1)5 mod (vépw_l)pB) .

Multiplying the sum of (5.5) and (5.6) by v; ', we obtain the desired formula for

2 3~
m > 3. For m = 2, we know that ng(vs) = ng(v3) = vs + vgf’f —vb t1, and so we
have

3 .3 2 PO 2 3.~ 3.5
d (—Uzp U5$’2’> = v’ ((Uzﬂ) —vf 0T + (vs + vaf]” — o8 B)(v] & ))
_.3 2 3~ 3 5
= —u,? ((1)2?1) — o 1)75 + v wsth )

(5.7) S (L N mod (vz) .
We also find that

1-p° —P’w@®+ D) apyp?\ — L 1-p°spp?
d(v2 Uy z5Y = vy, = Tty ,

(5.8)
d (_U;pw(pB‘f‘l)’x\gy)

—fgﬁ mod (vs) .

Multiplying the sum of (B.5), (51) and (58) by v; ' gives the desired formula for
m = 2. O

Proposition 5.9. Let

4 ~ 4 5 ~ 4 2 6
_ P —a(2), —p*, pPwz —a(3), —p*+p°, pPws
X Wy — Vg  Ug' Vg Lo —Vy ° Us vy T3

2 3 3 6
—p?>—1_ (w—p)p°— 1
+ vgw P véw p)p° —pw(p”+ )vi wy

Then for m > 3,

d(X) = ;573’7 — v§p3w_1)p4f§4 mod (v§4) .
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Proof. We find the following congruences:

(5.10)
d&E) = Bt
mod (1)54) ,
d (v;a(2)05p4v§5“’§2
= v;p4v§5wf’1’4 mod (vépw*l)f) ,
d (_056(3)1);”4"’”21}26“%3)
—5(3)U;p4+p2 viﬁw (_v§(3)v;p2%72)4 + v§3+pw71v§pw—1)p2a)

= —u,
mod (vépQwip*l)pQ) ;

_ 2_1 _ 3_ 3 1 6
d(vgw P Uéw p)p® —pw(p®+ )Uff wy

2 3 6, o~
— pw—p -1 (0=p)p” p°w pw
= 0 Vg vy Tt mod (v5")

Summing these congruences gives the desired formula.

In the case m = 2 we have the following analogous statment instead.

Proposition 5.11. For m = 2, there is an element X such that

~ 7 3 qyndoad 3 2 .3 _4_.6 6 7 3 .2
d(X)E%J —v:gpw 1)"% — b vgw(p Pl p)vff w% mod(vgp P 1).

Proof. Instead of the last congruence of (5.10) we find that

_ 2_1 _ 3_ 3 1 6
d(vgw P Uéw p)p® —pw(p®+ )Uff wy

3 2 3 3 6 3 2 4
p°—p°—1, (w—p)p”—pw(p’+1) p°w [ pw(p”+1)7 p°+17p
Vg Uy Vs ty —vy it

= b
2pw—p*—1
mod (vzpw P ) :

d(X) = L wfl)p“%?; _ Ungéwfp)ps7pw(p3+1)vézl>6w%§4 mod (U§p3—p2—1> .
Then, define X by
X=X- vgsvgw(p27p3717p6)vfsz.
This gives the desired formula.
Define the element M by
M = fg+Uép+1)psv§p5w+v§p+1)p5+pw—p2—1v?)—(p+1)p4+pw(p2—1)(p3+l)Y

Dp®+2pw—p?—1 —(p+1)p* 2_2)(p3+1) p?
_v§p+ )p’+2pw—p vg (p+1)p" +pw(p )(p+)v£ wy
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Proposition 5.12. For m > 2, we have

dr) = o O RO (@ Gy

P VP Hpw, —(p41)p" pw(p® 1) (p7+1) (gp“ A
2 3 3

xfg*ld@g))

5 4 2
i Uépﬂ)p +2pwvg(p+1)p +pw(p®—2)(p°+1) oP w(%f‘ G 1d(x3))

(p+1)p°+3pw—p°—1_ —(p+1)p*+pw(p®—2)(p*+1), 2p°w
— Uy Vg vyt

mod (vg(p’m)) .

where

(pw — p* — 1)p?,
e(p,m) = (p+1)p° + min{ ei(p,m),
pw —p* — 1+ ez(p,m)

Proof. We find that

5 5.7 3 3
d(zt) = —vépﬂ)p v?:p% mod (vép +po—l)p ),

5 5.7 40 2 _ 4 6 (p_1)p®
= Uéerl)p P %12) ol (p +p+1)v3 (p+1)p (5131 _Uép L)p d(x5))

1)p? 0221 (pPw—p—Dptpdw~ 1)p°
—vé”"’ )p° +pw—p ’U:(sp w—p—1)p*+p “Z mod (vé’H_ )P +e1(p7m)) 7

d (Uép+1)p5+pw7p2flv;(p+1)p4+pw(p2*1)(p3+1)y

— PP Hpo—p? =1, —(p+1)pt+pw(p®-2)(P*+1) 7
2 3 1
p+1)p°+pw  —(p+1)pt+pw(p?—1)(p3+1 4 (p=1)p?
—vé ) Us( ) ( )( ) %7?: _,U:(3 ) d(z)
Dp®+2pw—p?—1 —(p+1)p* 2 1y(p%41) plu~
+U§p+ )P’ +2pw—p v; (p+D)p e =) (" +1) pPwy

)

(p+1)p°+pw—p® —1+e2(p,m)
mod (1)2

d(_v§p+1)p5+2pwfp271 ;(p+1)p4+pw(p2*2)(p3+1) pSwY
— (p+1)p +2pw—p°—1 —(p+1)p +pw(p®—1)(p°+1) p wtl

o (p+1)p°+2pw —(p+1)p +pw(p®—2)(p°+1) p w %“ _ 6§p—1)p3d@3))

1 3pw—p*—1 —(p+1 -2 1) 2pdwp
—véer )p°+3pw—p 05 (p+1)p* +pw(p®> —2(p° + )v e

mod <v§p+1)p5 +2pw—p>—1+ez (nm))

Summing these congruences gives the desired formula. O
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6. d(Zy) FOR k > 6

Define integers a(k) and E(k;) for k > 6 (they were defined for 0 < k < 5 in (1)
by

(6.1)

pF2(p? +p+1) form >3 and 6 < k <8,
pF3(p3 +p? 4+ 1) form=2and 6 <k <8,
p3a(6) +a(5) form >5and k =9,

a(k) =< p3a6) + (p—1)p* +a(3) form=4and k =9,
p2a(6) + a(3) for2<m<3and k=9,
p*=2(@(9) —a(5)) +a(k —4) for m >5 and k > 10,
p*9@(9) —a(3)) +a(k —6) for2<m <4 andk > 10;
—k*Q(p—l—l) form>3and 6 <k <8,
pF3(p° —p? —p—1) form=2and 6 <k <S8,
p5b(6) —G—E(S) + (pPw — 1)p6 form >5and k=9,

~ PPb(6) + PP (p* +p° — pP +p? —p— 1) +b(3)

b(k) = R R form=4and k =9,
p3b(6) + p(p® — 1)(p> + 1) + b(3) form=3and k=9,
PPb(6) + p*(p° — 1) + b(3) form=2and k =9,
PFOB(9) — b(5)) + b(k — 4) for m > 5 and k > 10,
PFO(b(9) — b(3)) + b(k — 6) for 2 <m < 4 and k > 10.

According to (1)) and (6.1l), the definitions of a(k) and b(k) are summarized in
the following tables.

Definition of a(k)

k m =2 | m =3 | m=4 | m>5
0<k<2 p"
3<k<5 p* +pFt
6Sk‘§8 pk +pk—l +pk—3 pk +pk—1 +p1€—2
pk +pk—1 +pk—3 pk +pk—1 +pk—2 pk +pk—1 +pk—2 pk +pk—1 +pk—2
k>9 +a(k — 6) +a(k —6) +phk—4 — pk=5 +a(k —4)
+a(k — 6)

k m=2 | m=3 | m=4 | m>5
0<k<2 0
3<k<5 —pF—T
6<k<8[ p" 3 -p*—p-1) " 2(p+1)
PP +p5 | P8 + 05 | P 2(p+ 1)
E>9 || pF 2" —p*—p?—1) | —p*—2p°—1) | —2p° —p—1) | +(pPw — 1)p*~3
+b(k — 6) +b(k — 6) +b(k — 6) +b(k — 4)
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Define elements 3; for 1 < i < 4 by
3~ 37 3 ~ 3 T 3 6

= —vb a(G),Ug b(6) xp® _ ,Uép —1)a(6)v§p —1)b(6)+(p w—1)p %6,

oy 4 37 2 3 3. 6_ 4 -~ _B07)
o = oF a(6)—p a b(6)+pw(p?—1) (p°+1)+(p*w—1) (p° —p*) (X ;) a(7)v3 b(7)m7) 7

3~ 37
Us =0} a(ﬁ)vg b(G)X,

3~ 37, 3_1)g 3_1)b 5_1)p*~
i = of a(ﬁ)vg 5(6) x _ Uép 1)a(6)U§p 1)b(6)+(p° —1)p 6.

For k > 6, define elements Ty, € v?,_lBP* for m > 5 by

6.2) T =

Then we have

k—6

MP for all m and 6 < k <8,
X+ fora<m<5and k=29

unless (p, m) = (2, 5),
ZI"\ZB) + gl + @\2 for (pv m, k) = (2a 57 9)

orm=4and k=09,
ZE+ 71+ 73 form =3 and k =9,
8+ s form=2and k =9,
I T

for m > 5 and k£ > 10,
B, — W0 SO0t 5 g )

for 2 <m <4 and k > 10.

Lemma 6.3. Assume that p and m satisfy (51]). Modulo (U;Jra(k)), the differen-
tial on Ty, (k > 6) is

%’k form >4 and 6 < k <8,
] k—2 2 3 c—

fgk — vy @ —1p +1)ng ’ form =3 and 6 <k <8,
k—2

—%75 form =2 and 6 < k <8,

v;a(li%)v;b(li%)fiiid(fk%) form >5 and k > 9,
—v;a(k_ﬁ)v;b(k_ﬁ)é\z:éd@k,@) for2<m <4 and k> 9.

O

According to Lemma 3] and Lemma[6.3] the elements of d(Z) are summarized
in the following table:

k=2 m=2 | m=3 [ m=4] m>5
0<k<2 e
3<k<5 2
6<k<8 7?377%2 ng %k
_ngfz(p2—1>(p3+1>gg’“—2
k>0 _v;a(k—a)vs—b(k—a)i\z:éd@k%) ‘ U2—a(k—4)U3—b(k—4)/x\zi411d(/x\k74)

We will prove this lemma in Sections[7, B, Bland [[0. Then our main result is

Theorem 6.4. As a %(2)*—m0dule, Extr(mi1)(My) is the direct sum of

1. the cyclic submodules freely generated by fv\‘,i/vg(k) fork >0 andpts >0,
where Ty, and a(k) are the elements defined in ({{1), (£-2), (61) and (62);

and
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2. I?(2)*/E(2)*, generated by 1/1)% for j > 1.

7. PROOF OF LEMMA [6.3] FOR m > 5
Notice that the exponent e(p, m) in Proposition[5.12] is
(pw —p* = 1)p%,
(p+1)p° +ming 2p+1)p* —p?, p = (p+1)p° + (2p+ 1)p* — p?,
pw +2p3 — 1
which is always larger than
a(6) +a() +p’ +p+2=p"+2p" +2p" +p* +p+2
for all primes p. By Proposition[5.12 we have
Ug(ﬁ)vg(ﬁ) (%4 — Fd(75)) — Ug(6)+4svg(6)+1728%6
(%) = if (p,m) = (2,5),

05(6)05(6) (%73’6 - Egild(fg))) otherwise,
mod (v§<6)+a(5)+p3+p+2>. In particular, we have
d(Ze) = vg(G)UE(G)%G mod <v§(6)+a(5))
in both cases. It follows that

(7.1) d(@) = o OO 6d (U§3(6(6)+E(5))> .

Assume that (p,m) # (2,5). For d(y1) we find that

d (_Ug%(ﬁ)vgsg(ﬁ)xpz

~ 37 3 6 3~ 6
- _Ugsa(fi),ugsb(fi) %9 _ ,U:gp w—1)p %6> mod (vg a(6)+p ) :
(7.2) d (o’ TDEO) P~ DEO) -1 5

3~ 37 3., 1)p0 6 1
= —f GO O (¥ g 1d(9c5))

mod (Ugga(ﬁ)+a(5)+z.>3+p+2)

(Notice that the second formula fails if (p,m) = (2,5).) This gives

(7.3) ) = vf “Oof O (o () - )

modulo (v§36(6)+a(5)+p3+”+2). Summing (1) and (Z3), we obtain
A(@s) = 5O OO0z NE)  mod (O 7)

unless (p, m) = (2,5). We will see that a similar congruence holds even for (p, m) =
(2,5) after an appropriate change of Zy.
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Define integers n(k) by

pPP+p+2 fork=1(4)
(p+2)p for k =2 (4),
(p+2)p?> for k=3 (4),
(p+2)p* for k=0 (4).
Instead of (61), we may define integers a(k) for k > 9 inductively on k by

pa(k —1) +p° +p* for k=1 mod (4),
pa(k — 1) + p* for k =2 mod (4),
pa( 1) for k =0 and 3 mod (4).
)

)

n(k) =

We will compute d(Z)) modulo (v g(kH”(k))

congruence

inductively on k. Assume that the
(74) d({[;\kfl) = vg’“*m(a(Q)—a@))ng*w(b(g)_b(5))££:éd(£k75)

holds modulo (vg(k71)+n(k71)). For 10 < k < 14 it follows by direct calculations.
Moreover, this gives d(Zy,) whenever 11 < k =0 or 3 mod (4), since T, = 2% ;. In
other cases we denote T, — Z}_; by Z;. Notice that 2 is related to Zp_4 by

~ a(k)—a(k—4) b(k) bk— 4)Ap 1~

2k = Uy _4Rk—4-
Then d(zy) is
dE) = iRk b0 -bk) g (Ap e 4)
(15) = OO (g () 5 (7)) dGi))

a(k—4)—a(k—8)

Notice that Zj,_4 is divisible by v, , so that

v;(k)*a(kfﬁl)vg( )—b(k—4) d (52 411) T4
vg(k)—a(k—4)v§(k)—b(k—4) d (fg:};) vg(k—4)—a(k—8)z
Ug(k)—a(k—S)vg(k)—E(k—@Z d (fiii)
for some z. The facts that d (Eﬁ:i) is trivial in mod (vg(k_4)) and that
a(k)+a(k —4) —a(k —8) > a(k) + n(k)
imply that we can ignore the first term of (ZH) whenever we work mod (vg(an(k)) .

The similar statement is satisfied for the second term. Thus we have

(7.6) d(z) = vg(k)_a(k_4)vg(k)_b(k_4)Eﬁ:id(é\k,Q mod (vg(kH"(k)) .

On the other hand, by assumption ([Z4]) we have
A k=9(@(9)—a k=9(5(9)—=b(5)) ~(p—1)p 7/~
dG@0_) = of (@(9) (5))v§ (b(9)—b( ))351(515 )pd(ﬂﬁz,g,)

(7.7) = vg(k)fa(k%)vg(k)fb(k%)fg:}ld(fz%) mod (vg(an(k)) )
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Summing ([Z6) and (Z7), we obtain
d(@) = ofO-F=D B0 Be—)gp—1 gy g (Ug(k)Jrn(k)) ,

as desired. O

Now we consider the (p,m) = (2,5) case. We have the following congruence
instead of the second one in (Z3)):

(7.8)
d _U;a(G)Ugb(6)+16320/x\6

8G(6) 8b(6)+16320 PO a(9)+12
_ U2a( )v3 (6)+ {v%svémg%‘s _ (534 _ x5d(x5))} mod (v;( )+ ) .

In respect to the computation of d(7z) we see that the differential on X —

—a(7) —b(T)~
Vg a( )v3 ( )x7 is expressed as

d (X — v;amv;bmﬂc}) = 3080316 mod (v%(j) .
This gives
(7.9) d(52) = _Uga(6)+4sv§b(6)+18048%6
mod (vga(6)+64). Summing (Z8) and (Z9), we have the same formula as the second
of (Z2). O

8. PROOF OF LEMMA [6.3] FOR m =4

Notice that the exponent e(p, m) in Proposition [5.12 is

(p° —p* = 1)p?,
5 . 4 o _ .6 5 3
(p+1)p° +min< (2p+ Dp* —p?, 3 =p° +2p° +2p° — 1,
p5+2p3_1

which is always greater than or equal to
(p+1)p° +pw+a@B)+p+1=p°+2p° +p* +p* +p+1
for all primes p. By Proposition 512 we have

~ = ~ 4 7 5 2 3
d(fﬁ) = U;(G)Ug(ﬁ)ggs - U;(G)-i—(l)—l)p ,US(G)-H) (p"—1)(p°+1) (%‘13)4 _ /x\g—ld(/x\g))

mod (03(6)+(p_1)p4+a(3)+p+1). In particular, we have

UE) = FOTOY  mod (O,
and it follows that

(8.1) d(@g) = v§3a(6)v§3b(6)5§9 mod (v§3a(6)+(p71)p7> .
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For d(y1) we find that

d (—vgsa(G)vgsg(G)sz

= a0 p°66) (pp° _ U:gptl)pﬁgpff) mod (Upsa<6>+p"‘> ,

= —U 3 3 3 2

d (_Uézﬂ—1>a(6>v§p3—1>3<6)+<p7—1>p6§6)
pa(6), p°b(6)+(p7—1)p°
3

= 'U2
A 52 3 N 6
(,Uép Lp b (-1 (p*+1) (%}3) _ @l P

#)) -

mod (0536(6)+(p71)p4+a(3>+p+1) .

-~ 37 4 50,8 5 3 2
d(g) = v “ o MO LTI R (3G a(a)) - 8

3~ 4, ~
mod (vg a(®)+(p-1)p +a(3)+p+1). Moreover, in the same way as (Z.9) we have

(8.3) () = _vggﬁ(ﬁ)+(p—1)p4v§35(6)+p5(p8+p5—p3+p2—p—1)%§4
mod <v§3a(6)+p5). Summing (&1]), (82) and (B3], we obtain
A(@9) = ~of DGO PIE 3 mod (5@ ).

We will compute d(Zj) modulo (vg(k)Jrn(k)) inductively for k& > 10. Define
integers n(k) by

p+1 for k =3 (6),
(p+ 1)p? for k =4 (6),

) )t for k=5 (6),

n(k) = P2 —p+2 for k=0 (6),
(p2_p+2)p fork=1 (6)7

(p? —p+2)p* for k=2 (6).

Instead of (61)), we may define integers a(k) for k£ > 9 inductively on k by

pa(k — 1) +p° —p*+p? +p? for k=3 mod (6),
a(k) =1 pa(k—1)+p* for £k =0 mod (6),
pa(k —1) for k # 0 mod (3).

Assume that the congruences

k— ~ ~ k—10 (7 T
(8.4) d(F1) = -8 10‘“‘9>‘“(3”v§ 10(”‘9”"3))@\2:;61(@_7)

hold modulo (vg(k_1)+n(k_l)). For 10 < k < 16 the case (84) follows by direct

calculations. Moreover, this gives d(Z) whenever 10 < k # 0 modulo (3), since
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T, = Z_,. In other cases we denote T, — Z}_; by Zj. Notice that 2}, is related to
Zk—6 by

~ a(k)—a(k—6) b(k)—b(k—6) ~p—1~
2k = —Uy Vg LTy g2k—6-

Then d(zy) is expressed as
d(Z) = _vg(k)—a(k—fs)vg(k)—b(k—f})d (fiiéfkw)
—ug®H OGO L g (5070) B+ (F5) d (B |-
a(k—6)—a(k—12)

Notice that Zj,_¢ is divisible by v, , so that we can ignore d (fc\i:é)
as in the case m > 5. Thus we have

(8.5) d () = _Ug(k)fﬁ(kfﬁ)Ug(k)fb(kfﬁ)fz:éd(gk_fs) mod (Ug(k)+n(k)) .

On the other hand, by assumption (84]) we have

~ a(k)—a(k—6) b(k)—b(k—6) ~(p—1 e
d@_,) = —u® TGO Gy )
(8.6) = —vg(k)_a(k_ﬁ)vg(k)_b(k_ﬁ)fi:éd(fi_ﬁ mod (vg(k)+n(k)) .

Summing (&3] and (86, we obtain
d(Ey) = —f B0 FOFE Oz g g (Ugwm(k)) 7

as desired. O

9. PROOF OF LEMMA [6.3] FOR m = 3

Notice that the exponent e(p, m) in Proposition[5.12] is

(p* —p* — 1)p?,
(p+1)p° +min< ei(p,3), =(p+1)p°+p'+2p° - 1,
pt 4+ 2p3 -1

which is always greater than or equal to
P+ 1)p° +pw+aB) +p+1=p" +p> +pt+p° +p* +p+1

for all primes p. By Proposition[5.12 we have

d(F) = vdOLOR" _ 30 MO+ ¢ -1 +1) (gg‘* — gt d@g))
mod (vg(6)+a(3)+p+1). In particular, we have

(@) = 12O ,L©) (ggﬁ _ U§4<p2—1)(p3+1>g§4) mod (v§<ﬁ)+a<s>) 7

and it follows that

(9.1) d(z%) = Ugsa(ﬁ)vg%(ﬁ) (%9 _ 057(p2—1)(p3+1)§§7)
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mod ( P (a(6)+a(3))). For d(y1) we find that

d (_0538(6)v§3b(6)Xp2
536(6)1) 5(6) t3 vépsil)psigﬁ) mod( (6)“’)
0 (=’ DO B DRO) -0 5

)

3 37 61y, 6 4,72 3 a =R 6
= a(G)vg b(6)+(p°—1)p {Ug @P* -1 (P°+1) (%) — 3% 1d(x3) %J

mod ( P a(6)+a(3)+p+1>
This gives
(9.2) d@) = v *a(6) oF *b(6) { P (p°—1)(p°+1) (%’4 _ E{;*ld@g)) _gg"}
mod ( 1 a(6)+a(3)+p+1) Moreover, we see that
(9.3) dFs) = o8 (6)U§35(6>+p7<p2—1)(p3+1> @»7 —v§p6‘1>”4€§4)

mod ( p3a(6)+p* ) Summing (m, (EZD and (EH), we obtain
A(@o) = —5 TR0 O G mod (174

We will compute d(Zj) modulo (v‘;’(’“)*"(’“)) inductively for k > 10. Define
integers n(k) by

p+1 for k=3 (6),

(p+1)p for k=4 (6),

) e tork=506),
n(k) = p? for k=0 (6),
p* for k=1 (6),

p° for k = 2 (6).
Instead of (6.1)), we may define integers a(k) for k > 9 inductively on k by
pa(k — 1) +p3 +p? for k=3 mod (6),

a(k) =< pak—1)+p* for k=0 mod (6),
pa(k — 1) for k # 0 mod (3).
We can prove this proposition in the same fashion as in the case m = 4. O

10. PROOF OF LEMMA [6.3] FOR m = 2
Notice that the exponent e(p, m) in Proposition[5.12] is

(p* — p* — 1)p?,
(p+1)p° +min¢ (»* —1)p?, =p+p° +p* —p® — 1 +ea(p,2),
P> —p*—1+e2(p,2)

which is larger than

(p+1)p° +pw+aB3) +2=p°+p° +2p° +p* +2
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only if p > 2 (and we may consider only these cases because of condition (510)). By
Proposition [5.12] we have

d(@s) = o5 O (B -7 (@)
mod (vg(G)+a(3)+2). In particular, we have

d(Zg) = —vg(G)vg(G)f? mod (vg(6)+a(3)) ,
and it follows that

(10.1) d(@) = —ol WO PO g (U§3<a<6>+a<3>>> .

For d(y) we find that

d(v§3a(6)v§3b(6)X) = U§35(6)U§3b(6) (5737 _ Uép"’fl)p“y;)

mod (127507

(=P DA B* 0RO+ 6" -1
= 53)

mod (U§3a(6)+a(3)+2) .

34 37 5 4
g a(G)Ué’ b(6)+(p°—1)p (%‘154 - i‘\gild(

This gives

(102) (i) = of "o (B o R (@)

mod (v§36(6)+a(3)+2>. Summing (T0.T) and (I0.2), we obtain

d(zg) = —vg(9)76(3)v§(9)73(3)§’3’_ld(fg) mod (vg(g)H) .
We will compute d(Zx) modulo (vg (k)+n(k)) inductively on k. Define integers
n(k) by

2 for k=3 (6),

2p for k=4 (6),

) 2p* for k=5 (6),

n(k) = P for k=0 (6),

pt  for k=1 (6),

D for k = 2 (6).

)
Instead of (6.1)), we may define integers a(k) for k > 9 inductively on k by

pa(k — 1) +p> +p? for k =3 mod (6),
a(k)=1{ pa(k—1)+p3 for k=0 mod (6),
pa(k —1) for k £ 0 mod (3).

We can prove this proposition in the same fashion as in the case m = 4. O
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11. PROOF OF THE MAIN THEOREM

Here we will prove Theorem [6.4l. First we consider the case that m > 5 (Theorem
included).
By Lemma 24l it suffices to show that the set

{(5 (ZEZ/vg(k)) : k>0andpts>0 } C Ext%(m+1) (M2)
is linearly independent over

R = Z/(p)[v37v3_1)’u4a e ,'Um+1,’Um+2].

It follows from (Z2Z) that Extlla(m_H) (M3J) is the free I/(\'(?))*—module on the nine
classes represented by

(1) Lad bnn 6.

We shall change this basis into another one. In I'(m + 1)/I3 we have

3 o~
nr(Vs) = Uy +03?f — 087t

4 3 o~ PPN
nr(Ds) = Us+uvalh +uvsth —vf“t —of “Ly,

5 4 3 o~ 2 o~ 3 o~
nr(Us) = Ts+ 05?1’ + 1)4%’ + 1)3?37 — B — o Yo — 0 Vi,

S0 in Ext%(m+1)(M§)) we have

3 i~
/t?l] = vgw t1,
%?)3 - p2w_1/\ 1 pw/\ /?)4

5 = U to + v vy b1 — gty ),

3 3., _1~ _ 2~ ~ 4 5
o= Wy gt (vfi Yty 4+ Bt — vath — usth ) .

This means that we can replace the K (3),-basis of Ext%(m+1) (M) of (ITT) with

2 3 4 4 5 6 6 7 8
(112) {%7%7%;%;%7%7%;%7%};

so its basis over R is
~t7p% 7% et st St At ottt et
{v3t1 , Usty , vsly , U3ty , Ugty , Ugly , Usty , Usls , sty 1t > 0¢.

Now define integers ¢(k) for k > 0 by

<«

For k > 4, write k = ko + 4k, with 5 < kg < 8. Then the above is equivalent to

k) = 0 for 0 <k <8,
Tl b-pFt 4k —4) fork>09.

4k1 _
(113) ak) = (p— 1)k (pp—_ll) |
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Then Lemmas [£3] and imply that

?fﬂk for 0 <k <2,
%’Hk for 3 <k <4,

d(@) = ivg(k)vg(k)@g(k) ?2;: for k > 4 and k =1 mod (4),
t5 for k > 4 and k = 2 mod (4),
%73’7 for k > 4 and k = 3 mod (4),
%’8 for k > 4 and k =4 mod (4) .

mod (v%+a(k)). This and the multiplicative property of the right unit imply that

(11.4)
%?QM for 0 <k <2,
%Hk for 3 <k <4,
. 6
5 Ty | 1 b)) 5(s= 1P +e(k) [ for k>4 and k = 1 mod (4),
20 | = Esus s o -
Vg t5 for k >4 and k =2 mod (4),
7
4 for k >4 and k = 3 mod (4),
8
[ for k > 4 and k =4 mod (4) .

In order to show that these elements (with & > 0 and s > 0 not divisible by p)
are linearly independent over R, we may consider the exponents of U3 above only
for k > 4, because the ones for 0 < k < 4 are clearly independent of those for k > 0,
i.e., to show that the set

(11.5) {ags‘””k*a(k): k>4andpts> 0}

is linearly independent over R. For a fixed value of k, the exponents appearing
in (ITH) are congruent to ¢(k) modulo (p¥) but not congruent (since p { s) to
—p¥ 4+ ¢(k) modulo (p*+1).

Now ([II3) implies that for k > 4,

_ ko
E(k) = pk _ (p . 1)117 mod (pk+1) :
Pt —
S0
— 1)pko
(s — 1)p* 4+ &(k) = sp* — 7(]0]34 _)]f mod (pk“) .

Hence our condition is that the exponents associated with k£ are congruent to
k,

—(”;41% modulo (p*) but not modulo (p**!), and these conditions are mutually

exclusive for differing k. O

Proof for2 < m < 4. The argument is the same, subject to the following changes.
The integers ¢(k) are defined by

<k<
k):{O for 0 <k <8,

o (p—1)p"S +3(k—6) fork > 9.
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For k > 2, write k = kg + 6k with 3 < kg < 8. Then the above is equivalent to
6k1
~TN ko (P71
ath) = (o~ 10 (5= )
Then (II4) gets replaced by

24k

s ~ . % for 0 <k <2,
~(s— cl 1+k
) va(’fk) = isvg(k)vé Dyt te(k) 2 for 3 < ko <5,
2

—24k
%’ 0 for 6 < ky < 8.

(Notice that there is another term for m = 3 and 6 < k < 8. We can ignore
it, because it is linearly independent with the above coboundary.) Replacing the
K (3)-basis of Extr(y,41)(M3) by (I2) for m = 4 and by

2 3 4 4 5 6 4 5 6

for 2 < m < 3, we can argue for linear independence as before.
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